Building up graph models to simulate scale-free networks is an important method since graphs have been used in researching scale-free networks. One use labelled graphs for distinguishing objects of communication and information networks. In this paper some methods are given for constructing larger felicitous graphs from smaller graphs having special felicitous labellings, and some network models are shown to be felicitous.
Introduction
Graphs have been used in researching scale-free networks ( [4] , [9] ). Many graph models can be labelled for distinguishing objects in communication networks. Ichishma and Oshima [3] investigated the relationship between partitional graphs and strongly graceful graphs and partitional graphs and strongly felicitous graphs. Yao, Chen, Yao and Cheng [6] show several relationships among several well-known labellings including felicitous labelling. In [1] , among the graphs known to be felicitous are: C n except when n2 (mod 4); K m,n when m,n>1; P 2 C 2n+1 ; P 2 C 2n ; P 3 C 2n+1 ; S m C 2n+1 ; K n if and only if n4; P n +K m ; the friendship graph (3) n C for n odd; P n C 3 ; P n C n+3 . It has been noticed that some felicitous graphs in literature can be constructed, such as some classes of felicitous trees are obtained in [5] . Graham and Sloane [2] conjectured: Every tree is felicitous. We will present several methods for constructing larger felicitous graphs from smaller graphs having special felicitous labellings, and show some network models to be felicitous, such as edge-symmetric and near-symmetric graphs that are related with some models of self-similar and hierarchical networks in current research of complex networks.
Standard terminology and notation of graph theory are used here. Simple graphs are finite, undirected, no multiple edges and loopless, unless otherwise specified. The shorthand notation [m,n] stands for an integer set {m, m+1,…, n} with n>m0. A (p,q)-graph is a simple graph with p vertices and q edges. A proper labelling f of a (p,q)-graph G is a mapping from
If the edge label set {f(uv): uvE(G)}=[0,q1], then we say both G and f to be felicitous.
For the purpose of simplicity, we write f(S)={f(x): xSV(G)} and f(E(G))={f(uv): uvE(G)}={f(u)+f(v) (mod q): uvE(G)} and fG={f(u)+f(v): uvE(G)} for a felicitous labelling f of a (p,q)-graph G throughout this paper. Very often, the labelling h(x)=qf(x) for each verte xV(G) is called the dual labelling of the labelling f. The notation S (mod q) stands for the set {x (mod q): xS} for a set S of non-negative integers. For a set [6, 14] ={6,7,8,9,10,11,12,13,14}, as an example, [6, 14] (mod 10)={0,1,2,3,4,6,7,8,9}, and [6, 14] (bmod 7)=[0,7]; for S={3,7,9,10,12,13}, then S (mod 9)={0,1,3,4,7}.
In [7] and [8] , the authors introduced the set-ordered graceful labellings and the set-ordered odd-graceful labellings: Let (X,Y) be the bipartition of a bipartite (p,q)-graph G. If G admits a (an odd-)graceful labelling f such that max{f(u):u X}<min{f(v):vY}, then we call f a emphset-ordered (odd-)graceful labelling, and denote this case as f(X)<f(Y). Motivated from the above set-ordered (odd-)graceful labellings we define a set-ordered felicitous labelling as follows. Let G i be the ith copy of a (p,q)-graph G with p3 for i [1,n] [1,n] . We have a so-called
The graph H 1 obtained by identifying one vertex v j V(H 0 ) with one u^0jV(G j ) for j [1,n] is called an edge-symmetric graph, denoted as H 1 =H 0 ,G. Clearly, the graph H 1 E(H 0 ) has n components that are isomorphic to G. From the definition of H 1 , we can get the edge-symmetric graphs H i +1=H i ,G for i [1,N] 
Let T be a (n,m)-graph and let G be a (p,q)-graph. We define a near-symmetric graph H=TG such that H contains T and n edge-disjoint copies G i of G with |E(HE(T))|=nq, |H|np and i [1,n] . (ii) The dual labelling g of f is also felicitous, and g(xy)=qf(xy) for each edge xyE(G) with f(xy)0. Furthermore, f is (optimal) set-ordered felicitous when G is bipartite, so is g. Lemma 2. Suppose that a bipartite graph G admits set-ordered felicitous labellings. Then each set-ordered felicitous labelling of G satisfies that one vertex of G is labelled by zero and another vertex of G is labelled by the number of edges of G.
Results
Lemma 3. Suppose that a bipartite (p,q)-graph G is set-ordered felicitous, and G' is a copy of G. Joining a vertex uV(G) with its corresponding vertex u'V(G') produces a set-ordered felicitous graph.
Theorem 4. Let G 1 , G 2 be two disjoint bipartite graphs having optimal set-ordered felicitous labellings. Then there exist vertices uV(G 1 ) and vV(G 2 ) such that the graph obtained by joining u with v or by identifying u with v into one vertex is optimal set-ordered felicitous.
Theorem 5. Let T be a set-ordered felicitous tree and let G be a connected (p,q)-graph having optimal set-ordered felicitous labellings. The near-symmetric graph H=TG is felicitous.
In general, a near-symmetric graph TG having felicitous labellings may not be set-ordered felicitous. We define the following matchable graphs and compound graphs. Let T be a set-ordered felicitous tree on 2n vertices. T has a set-ordered felicitous labelling f such that f(x i )=i1 for i [1,2n] .
For each k [1,n] (
Write S k =C(T;2m,2q; 
Conclusion
It may be meaning to consider the following problems.
(1) Determine simple graphs having (optimal) set-ordered felicitous labellings.
(2) If a connected graph G has a set-ordered felicitous labeling f, then is f optimal? (3) A simple graph G has a felicitous labelling f. Do there exist edges xyE(G) and uvE (G c ) such that f is still a felicitous labelling of the graph G xy+uv?
(4) Is a matchable graph felicitous?
Proof of Lemma 1. To show the assertion (i), we can see fG=E <q E q , where E <q ={f(x)+f(y)<q: xyE(G)} and E q =fG\E <q . So min E <q ==min fG. By Definition \refdefn:definition11, fG
We show the assertion (ii). Notice that the dual labelling g of f is defined as g(x)=qf(x) for xV(G). For every edge xyE(G) we have g(x)+g(y)+f(x)+f(y)=2q.
. The proof of the assertion (ii) is over.
Proof of Lemma 2. Let G be a bipartite connected (p,q)-graph that admits a set-ordered felicitous labelling g. For the bipartition (X,Y) of V(G), where X={x i : i [1,s] } and Y={y j : j [1,t] } with s+t=p, without loss of generality, we let g(x i )<g(x i+1 ) for i [1,s1] , g(x s )<g(y 1 ), and g(y j )<g(y j+1 ) for j [1,t1] [1,s1] , g(x s )<g(y 1 ), and g(y j )<g(y j+1 ) for j [1,t1] , and g(x 1 )=0 and g(y t )=q by Lemma 2.
Let G' be a copy of G with its bipartition (X',Y'), where X'={ x' i : i [1,s] } and Y'={ y' j : j [1,t] } are the copies of X and Y, and let g' be a copy of g with g'(x' 1 )=0 and g(y' t )=q. Joining the vertex x 1 XV(G) with its corresponding vertex x' 1 X'V(G') together by an edge produces a bipartite graph H with its bipartition (X H , Y H ), where X H =XY' and Y H =X'Y. Let a=g(y 1 )=g'(y' 1 ). Based on two labellings g and g' we define a labelling f of H as: It is noticeable, f(x i )+f(x' i )=g(x i )+2q+1g'(x' i )=2q+1, which means f(x i )+f(x' i ) (mod 2q+1)=0 for x i X and the corresponding vertex x' i X'; and f(y j )+ f(y' j )=qa+1 +g(y j )+a+qg'(y' j )=2q+1, f(y j )+ f(y' j ) (mod 2q+1)=0 for y j Y and the corresponding vertex y' j Y'. So we can delete the edge x 1 x' 1 from H, and then join x i x 1 (resp. y j ) with its corresponding vertex x' i (resp. y' j ) by an edge together for i [2,s] (resp. j [1,t] ) such that the resulting
